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A many-body Wannier-Stark system coupled to an effective reservoir is studied within a non-
Hermitian approach in the presence of a periodic driving. We show how the interplay of dissipation
and driving dynamically induces a subspace of states which are very robust against dissipation. We
numerically probe the structure of these asymptotic states and their robustness to imperfections
in the initial-state preparation and to the size of the system. Moreover, the asymptotic states are
found to be strongly entangled making them interesting for further applications.
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I. INTRODUCTION
Experiments with ultracold atoms [1–3] give direct ac-
cess to many-body quantum systems that often cannot
be described theoretically due to the enormous compu-
tational complexity [4]. Quite challenging in this respect
are many-body models either in more dimensions [5–7]
or with more modes per lattice site [8, 9], extending e.g.
single-band Hubbard models [10].
The coupling of energy bands in tilted Wannier-Stark
systems was demonstrated experimentally [11, 12]. The
effect of many-body interactions on the interband cou-
pling was studied theoretically to great detail, in the
weakly interacting limit [13] as well as in the context of
strongly correlated Bose-Hubbard models [14–16]. The
latter many-body models, however, restricted to two
bands only and neglected the opening of the system aris-
ing from the coupling to higher lying energy bands.
In this paper, we discuss an open two-band Bose-
Hubbard model with an additional periodic driving force
to control the coupling between the two bands. Simi-
lar Floquet engineering of ultracold quantum gases are
discussed, e.g., in [17, 18]. We include the loss channel
to higher bands using a non-hermitian Hamiltonian ap-
proach [19]. While this method is valid only for small
loss, it still allows us the access to the Floquet spectrum
of the periodically driven system. In particular, we show
that the simultaneous presence of dissipation and quasi-
resonant driving between the two band induces the for-
mation of states with interesting properties. First these
states are extremely robust with respect to dissipation,
and second they correspond to highly entangled super-
positions of Fock states.
The paper is organized as follows. Section II intro-
duces the system we investigate as well as the origins of
its temporal dependence. Subsection II B, in particular,
discusses the manifold of states coupled in our system.
The dynamics induced by the dissipation and its appli-
cation in the generation of highly entangles states are
reported in section III. Section IV then concludes the
paper.
II. NON-HERMITIAN APPROACH AND
BOSE-HUBBARD HAMILTONIAN
This section introduces our many-body Bose-Hubbard
model with two coupled energy bands, external driving
and the dissipation process. First we discuss the general
properties of the system, before addresses the specific
structure of states participating in the dynamical evolu-
tion.
A. Many-Body Wannier-Stark System
The Wannier-Stark (WS) problem in its simplest
form consists of a quantum particle trapped in a one-
dimensional periodic potential, V (x + dL) = V (x), sub-
jected to an additional static force of magnitude F . The
Hamiltonian of this system, Hˆ0 = pˆ2/2m + V (x) + Fx,
is analytically diagonalized within the tight-binding ap-
proach. The eigenenergies, El = ldLF , form the so-called
WS ladder responsible for the occurrence, for instance,
of Bloch oscillations [20], see e.g. [21, 22] for many-body
studies of them and [12, 23, 24] for related resonant tun-
neling phenomena. Here, dL is the lattice constant and
l is an integer indexing a single well or lattice site of the
periodic potential V (x). The WS eigenstates are embed-
ded resonances within the continuous unbounded quan-
tum spectrum of Hˆ0. Therefore the WS eigenstates are
metastable states with lifetimes τl ∼ 1/Γl. These life-
times are associated with the imaginary part of the cor-
rected single-particle eigenenergies εl = El − iΓl/2, see,
e.g., Ref. [20] for details on the single-body case.
ar
X
iv
:1
61
1.
06
36
9v
1 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 19
 N
ov
 20
16
2Continuum
of bands
Higher
bands
En
er
gy
k
b
a
Figure 1: (Color online) Scheme of the single-particle
Wannier-Stark ladder. The bold lines correspond to the two-
lowest (quasi)bound states (marked by a and b) considered
in this paper. The structure can be understood as the re-
mainders of the Bloch bands after turning on the external
field. The wave packet (red) represents a Wannier-Stark state
that leaks to the continuum of higher bands. This process is
marked by the arrow going to the left in the upper panel.
Our system of interest is a many-body version of
the WS Hamiltonian ultimately constrained to the two-
lowest WS ladders, see the sketch in Fig. 1. The respec-
tive Hamiltonian in second quantization can be build fol-
lowing the standard procedure
Hˆ =
∫
dx [φˆ†(x)Hˆ0φˆ(x) + gφˆ†(x)φˆ†(x)φˆ(x)φˆ(x)], (1)
with the field operators defined in terms of site-localized
Wannier functions of the flat lattice, i.e. for F = 0:
φˆ(x) =
∑
α,l χ
α
l (x)αˆl. α is the Bloch band index and l is
the site index. The Hamiltonian might be seen as an infi-
nite collection of tilted single-band Bose-Hubbard Hamil-
tonians, plus additional coupling terms between them.
The coupling is mainly induced by the external force F ,
but also by the interparticle interaction characterized by
the constant g [15]. Clearly, the force breaks the trans-
lational invariance of the flat lattice, therefore the Bloch
band picture interpretation strictly speaking fails. In-
stead, we have WS ladders (see Fig. 1) and an entire zoo
of single- and many-body processes to be identified and
investigated in detail, see e.g. [13–16].
Generally, the total state space is
spanned by the following Fock states
{|nα11 nα12 · · · , nα21 nα22 · · · , . . . , nαk1 nαk2 · · · 〉}, where
k ∈ N is the number of bands taken into account. The
integers nαil denote the number of atoms in the potential
well l and band i.
In what follows we restrict to only the two lowest
WS ladders αj=1,2. The remaining ladders αj>2 act as
an effective environment forming a continuum of bands
(Fig. 1). The system dynamics is studied by means of
the reduced density operator ρˆS = Trαj>2 [ρˆ]. The evo-
lution of ρˆS is approximately described by a markovian
quantum master equation of the form
∂tρˆS = −i(Hˆeff ρˆS − ρˆSHˆ†eff) +
∑
α,l
Cˆαl ρˆS Cˆ
α†
l . (2)
Hˆeff = Hˆ − i
∑
α,l Cˆ
α†
l Cˆ
α
l is an effective non-Hermitian
Hamiltonian defined by the quantum jump operators Cˆαl
and the isolated-system Hamiltonian Hˆ. The jump op-
erators Cˆαl =
√
γαl αˆl describe the particle loss to the
higher bands.
We use an approximate non-hermitian Hamiltonian ap-
proach to address our problem. This method has the
advantage that we have access to the spectrum of the ef-
fective Hamiltonian without having to solve the master
equation for the reduced density matrix. The method
consists in omitting the last term on the right-hand-side
of Eq. (3). The imaginary parts of the effective Hamilto-
nian give diagonal contributions in the Fock basis, which
are proportional to the occupation numbers in the upper-
WS ladder. In the end, we obtain a new effective Hamil-
tonian which is non-hermitian, but can simply be diago-
nalized in the Fock space of fixed particle number. This
dramatically simplifies the numerical effort. The non-
hermitian part of the effective Hamiltonian nonetheless
reduces the norm of the evolving states and induces a dy-
namical dephasing via the decay rates γαl . The approach
is valid for γαl are much smaller than the relevant energy
scales of the system. Hence, here we use rates γαl  |Jα|.
Following Ref. [15], we can argue, that in a doubly pe-
riodic optical lattice, we obtain situations in which the
two lowest (mini)bands are sufficiently isolated from the
upper bands, such that the assumptions just discussed
are indeed fulfilled. Furthermore, we assume that only
the upper band is effectively coupled to the higher bands.
Then our system Hamiltonian Hˆ for two-bands can be
written as [15, 16]
Hˆ =
∑
α={a,b}
∑
l
Jα(αˆ
†
l+1αˆl + h.c.) +
Uα
2
αˆ†2l αˆ
2
l + ε
α
l nˆ
α
l
+
∑
µ={0,±1}
∑
l
cµF (bˆ
†
l+µaˆl + h.c.)
+
∑
l
Ux
2
(bˆ†2l aˆ
2
l + h.c.) + 2Uxnˆ
a
l nˆ
b
l , (3)
with εαl = dLFl + ∆α. ∆α = (δα,b − δα,a)∆/2 is the on-
site energy splitting between the single-site modes. To
simplify the notation, we set a ≡ α1 and b ≡ α2. δi,j
is the Kronecker delta. The system parameters are: the
hopping matrix elements Ja,b, the atom-atom interaction
constants Ux,a,b, and the dipole coupling matrix elements
cµ=0,±1 between the bands induced by the force. The
lattice constant dL and ~ are set to one. The control
parameter is the Stark force F (t) which will be explicitly
time-dependent. This allows us to study the response of
the system to any specific protocol for the driving. Here,
we restrict to a periodic driving F (t) = A cos(ωt).
3We work within the reduced Fock basis |{n}〉 ≡
|na1na2 · · ·naL, nb1nb2 · · ·nbL〉, with dimension Nf = (N +
2L − 1)/N !(2L − 1) given N bosonic atoms in a system
with L lattice sites. In the rest of this work, we con-
sider unitary filling with N = L. The time evolution is
numerically performed using a vector-optimized fourth-
order Runge-Kutta routine presented and benchmarked
in Ref. [16].
The aim of this paper is to study the interplay between
dissipation and the periodic driving. It will be shown that
the combination of this two processes reveals surprising
dynamical features of our system. For simplicity, we set
γb ≡ γbl and therefore the system-environment copuling
term is: −iγb
∑
l bˆ
†
l bˆl = −iγb
∑
l nˆ
b
l . This latter condition
is not really relevant since our results do not strongly
depend on how the single-site decay rates are distributed.
Our figure of merit is the expected value of inter-WS
ladder population inversion operator
W (t) = 〈ψt|
∑
l
(nˆbl − nˆal )|ψt〉/〈ψt|ψt〉 . (4)
We restrict to initial states of the type |ψ10〉 =∑
{n}D
0
{n}|na1na2 · · · , 000 · · · 〉, for which all particles are
in the lowest WS ladder at t = 0. An example of
this kind of states is the Mott-insulator state repre-
sented by |ψ10〉 = |111 · · · , 000 · · · 〉, which is routinely
prepared in many experiments as those Refs [1, 2].
Other types of initial conditions can be prepared tak-
ing as a starting point the Mott state. Examples of
such different states are so-called doublon states [6, 23]
|ψ2,30 〉 = {|2020 · · · , 000 · · · 〉, |0202 · · · , 000 · · · 〉}, which
can be used to simulate quantum magnetism with ul-
tracold atoms [3]. As will be shown later in this work,
the precise choice of the initial state is not crucial, since
the structure of the dynamically generated states, if they
exist, will turn out to be robust with respect to imper-
fections in the initial conditions.
B. Resonant Manifolds
Following Ref. [6], we transform the Hamiltonian in
Eq. (3) into the rotating frame with respect to the op-
erator Aˆ =
∑
α,l(∆α − 12Uα + lF )nˆαl . The single-site
annihilation (creation) operators transform as
αˆl → αˆl exp[−i(∆α − 1
2
Uα)t− il θ(t)] ,
with θ(t) =
∫ t
0
F (t′)dt′, then after plugging it into the
Hamiltonian, we obtain
Hˆ ′ =
∑
α={a,b}
∑
l
Jααˆ
†
l+1αˆle
−iθ(t)
+
∑
µ,l
c˜µ[e
−i((ω+∆)t−µθ(t)) + e−i((∆−ω)t−µθ(t))]bˆ†l+µaˆl
+
∑
l
Ux
2
bˆ†2l aˆ
2
l e
−i2∆t + Eλµ [{n}] + H.c. (5)
Figure 2: (Color online). Energy diagram and allowed cou-
plings in the many-body system for N/L = 2/2, i.e., for two
particles in two lattice sites. The color of the arrow defines
the process, i.e. induced by hopping (blue), by the force (red
and yellow), or by the interactions (green).
where we have defined c˜µ ≡ cµA/2 and the unperturbed
energies as Eλν [{n}] = U(ν+λ), with ν = 12
∑
l(n
b
l−nal )2,
λ = 3
∑
l n
a
l n
b
l .
To simplify the discussion, we assume equal interac-
tion strengths U = Ua ≈ Ub ≈ Ux. This approach is
valid under the condition Jα  Ua,b,x as shown in [15].
The definition of Eλν [{n}] permits us to split the Fock
basis into sets of states with the same energy that can
be exploited to enhance the inter-WS ladder coupling via
resonant tunneling. The lowest-energy manifold is that
for ν = L/2 and λ = 0 corresponding to Fock states with
nal +n
b
l = 1. In Fig. 2, we show the energy diagram for the
case N/L = 2/2 with the respective inter and intra-WS
ladders coupling between the different states. Note that
the pairs of states {|10, 01〉, |01, 10〉}, {|20, 00〉, |00, 02〉}
and {|01, 01〉, |10, 10〉} are not directly coupled through
the Hamiltonian terms. We will see that the principal
effect of the combination of shaking and the dissipation
is to ’freeze’ the system into a certain linear combination
of the first pair of states, which satisfies the condition∑
l(nˆ
b − nˆal ) = 0.
The transformed Hamiltonian Hˆ ′ has three different
time scales related to every time-dependent term in
Eq. (5). These scales are defined by the periods Tω =
2pi/ω, T∆ = pi/∆, and T±µ6=0 ≈ 2A|µ|/ω(∆±ω). For typ-
ical experimental parameters [15], ∆ is the largest energy
scale. Therefore we consider frequencies with ∆ > ω, and
then Tω > T∆  T±µ6=0. This implies that the dynamical
effects of the fast oscillating processes with frequencies
ω∆, ω±µ 6=0 happen within one period of the driving F (t),
and that they do not dominate the long-time evolution.
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Figure 3: (Color online). (a) Long-time average of the pop-
ulation inversion W (t) as a function of the amplitude A and
frequency ω of the drive F (t). The initial condition is the
Mott state |11, 00〉. Here ω0 = ∆ − U and γb = 0.08Jα,
with Jα ≡ |Ja,b|. (b) Decay rates computed from the quasi-
energyspectrum of Hˆ ′ for different system sizes N/L vs. the
dissipation strengths (see legends). The inset shows the pro-
jections of the Fock states onto the Floquet eigenstates for
N/L = 2/2. The most stable state corresponds to a linear
combination of only two Fock states belonging to the low-
est resonant manifold. The parameters taken from [15] are:
∆ = 0.1, Ja = −0.006, Jb = 0.006, Ua = Ub = Ux = 0.034,
c0 = −0.098, and c± = 0.035.
III. DISSIPATION-INDUCED ASYMPTOTIC
DYNAMICS AND ENTANGLEMENT
GENERATION
We compute the long-time average W (t) =
limT→∞ T−1
∫ T
0
W (t)dt in order to analyze the depen-
dence of the inter-WS ladder dynamics on the driving
and the dissipation. The results are shown in the den-
sity plot in Fig. 3-(a) for γb/Jα = 0.08 and t 2000Tω.
This figure reveals the existence of resonance structures,
i.e., finite-size areas in the parameter space at which the
interband coupling saturates to W (t) ≈ 0, see the white
areas in Fig. 3-(a). The regions are around discrete values
for the frequency ωn ∝ ω0/n, with n ∈ N with amplitude
An ∝ 1/
√
ω0/ω ∝
√
n in the strong driving regime, i.e.
for c˜µ  Jα (see yellow-dashed lines in Fig. 3-(a)). For
weak driving, i.e., c˜µ ∼ Jα, the equidistance resonance
structure no longer appears. Instead, only one area is
found in the high frequency regime around ω0/ω ≈ 1/3.
In the low frequency regime, there is a large region in
the vicinity of A = 1. We learn from Fig. 3-(a) that
the probability of hitting a resonant structure is rather
large. Moreover, the only difference between them is the
time scale along which W (t) → 0 for t  Tω. W (t) = 0
means that the asymptotic state corresponds to an equal-
population state, for which the particle exchange between
the two WS-ladders is frozen.
In order to understand the origin of the asymptotic
state, we study the quasi-energy spectrum of Hˆ ′. We
diagonalize the Floquet operator, i.e. the one-cycle evo-
lution operator Uˆ(Tω), and plot the imaginary parts of
the quasi-energies εi = Ei − iΓi/2. Fig. 3-(b) presents
the decay rates Γi as a function of the ratio γb/Jα. Only
if N is even, highly stable states exist with small decay
rates Γi. For N odd, we do not observe equilibration
since no stable states are found. For N/L = 2/2, the
stable state is always found and can be expressed as a
linear combination of the states {|10, 01〉, |01, 10〉}. Here,
the individual weights become equal when increasing the
dissipation strength. In the case N/L = 4/4, the sta-
ble state only appears when increasing the dissipation
strength up to a critical value, which must be sufficiently
strong to influence the long-time dynamics.
Given an initial state |ψi0〉, the asymptotic dynamics is
driven by the non-hermitian part of Hˆeff . To characterize
the system’s steady state, if it exists, we write it in Fock
basis representation as
|ψt≫Tω 〉 =
∑
{n}
Dt{n}|na1na2 · · ·naL, nb1nb2 · · ·nbL〉 . (6)
This permits us to study the asymptotic normalized
probability distribution p({|Dt{n}|2}) for different system
sizes.
Let us start with the minimal system N/L = 2/2. The
|ψtTω 〉 results in the expected equally-weighted linear
combination of the Fock states {|10, 01〉, |01, 10〉} pre-
dicted in Fig. 3-(b) for γb/Jα ≈ 0.08. Then we end up in
the state
|ψtTω 〉 ≈
1√
2
(|01, 10〉+ eiφ|10, 01〉) , (7)
which resembles a Bell state. The connection to the
Bell basis is straightforward if we use instead the single-
site population inversion number wl ≡ nbl − nal such
that we map the configuration |na1na2 · · ·naL, nb1nb2 · · ·nbL〉
onto |w1w2 · · ·wL〉. Note that, for |ψtTω 〉 in
Eq. (7), wl can only take the values ±1 and satisfies
〈ψt≫Tω |
∑
l wˆl|ψt≫Tω 〉 → 0. We introduce the pseudo-
spin representation wl = −1l ≡↓l and wl = 1l ≡↑l, with
which the state renders the Bell state 1√
2
(|↑↓〉 − |↓↑〉) ≡
|Ψ−〉. The phase factor φ ≈ pi is extracted from the
numerics.
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Figure 4: (Color online) (a) and (b) show W (t) for N/L =
2/2 and the final-time normalized distribution p({|Dt{n}|2})
for the asymptotic state vs. the dissipation strength. The
initial condition is the Mott-insulator state defined in main
text. Panels (c) and (d) show p({|Dt{n}|2}) for N/L = 4/4
and N/L = 6/6. Initial conditions: (black-filled circles)
|ψ10〉, (blue-squares) 1√2 (|ψ20〉+ |ψ30〉) and (red-filled triangles)
1√
2
|ψ10〉+ 12 (|ψ20〉+ |ψ30〉) defined in the main text. The green
asterisks in the panel (c) correspond to an average over 100
initial random states of the type
∑
D{n}|na1na2 · · · , 00 · · · 〉.
Note that the states of interest satisfy
∑
l(nˆ
b
l − nˆal ) = 0 and
nal + n
b
l = 1. These conditions imply a band-exchange sym-
metry of the populations discussed at the end of section III.
The parameters are the same of Fig. 3 with |cµA/Ja| ' 10
and ω = ω0.
Remarkably, the results for N/L = 2/2 can be ex-
tended to larger systems. The probability distributions
p({|Dt{n}|2}) for N/L = {4/4; 6/6} are shown in Fig. 4-
(c,d). Again, pairs of equally-weighted states have the
largest contributions. For N/L = 4/4 the pseudo-spin
representation for |ψtTω 〉 is given by
|ψtTω 〉 ≈ |Dt1|(| ↑↑↓↓〉+ eiφ1 | ↓↓↑↑〉)
+ |Dt2|eiθ
2
1 (| ↑↓↑↓〉+ eiφ2 | ↓↑↓↑〉)
+ |Dt3|eiθ
3
1 (| ↓↑↑↓〉+ eiφ3 | ↑↓↓↑〉) . (8)
It satisfies wl ≈ ±1 and W (t  Tω) ≈ 0. From the
numerics, the phase differences are found this time to
be φi ≈ 0. A Bell-like state structure is recovered after
rewriting |ψtTω 〉 using a set of new labels based on the
spatial lattice bipartition with respect to the center of
the lattice
|{w}〉 = |w1w2 · · ·wL/2︸ ︷︷ ︸
Left
〉 ⊗ |wL/2+1 · · ·wL︸ ︷︷ ︸
Right
〉 . (9)
A careful analysis of the structure of the asympotic
state in the pseudo-spin representation suggests the fol-
lowing definitions
d ≡↓1↓2 , d¯ ≡↑3↑4 , o ≡↓1↑2 , and o¯ ≡↑3↓4 ,
with which the state gets the form
|ψt≫Tω 〉 ≈ |Dt1|(|dd¯〉+ |d¯d〉)
+ |Dt2|eiθ
2
1 (|oo¯〉+ |o¯o〉)
+ |Dt3|eiθ
3
1 (|oo〉+ |o¯o¯〉)
≈ |Dt1||Ψ+d 〉+ |Dt2|eiθ
2
1 |Ψ+o 〉+ |Dt3|eiθ
3
1 |Φ+o 〉 .
(10)
Hence, |ψtTω 〉 can be mapped onto a linear combination
of the Bell states |Ψ+x 〉 ≡ 1√2 (|xx¯〉 + |x¯x〉〉 and |Φ+x 〉 ≡
1√
2
(|xx〉+ |x¯x¯〉〉, taking into account the new set of labels
x ∈ {d, d¯, o, o¯}. Therefore, spatial entanglement between
the two lattice subsystems persists when increasing the
system size.
As anticipated, the structure of the asymptotic state
does not depend much on the initial state, see Fig. 4-(c).
We observe a dependence of the weights of the relevant
states on the initial state choice, though the symmetry
is preserved. This is verified after averaging over ran-
domized linear combination of lower band Fock states:
the asymptotic distribution p({|Dt{n}|2}) preserves the
above Bell-state like structure. The time scale for the
formation of the asymptotic state depends on the system-
environment coupling strength and the system size [32],
see discussion at the beginning of this section. This time
scale depends on the norm weight of the basin of attrac-
tion of the asymptotic states of interest here. Therefore,
the asymptotic state structure is found to be very robust
with respect to imperfections in the initial state prepa-
ration.
In Fig. 4-(d) we show the probability distribution for
N/L = 6/6 given the initial states |ψi0〉. Despite the large
dimension of the associated Fock space, we immediately
notice that the relevant contributions in the asymptotic
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Figure 5: (Color online) Entanglement negativity for N/L =
2/2 and N/L = 4/4 for increasing dissipation γb/Jα. The
initial state is a non-entangled Mott-insulator state. The pa-
rameters are the same as in Figs. 3 and 4.
state come, again, by pairs, as in the previous cases. Fol-
lowing transformations as described above, we have
|ψtTω 〉 = |Dt1|(|dd¯〉+ |d¯d〉)
+ |Dt2|eiθ
2
1 (|sp〉+ |ps〉)
+ |Dt3|eiθ
3
1 (|o¯p〉+ |po¯〉)
+ |Dt4|eiθ
4
1 (|p¯p〉+ |pp¯〉)
...
+ |Dt10|eiθ
10
1 (|ss¯〉+ |s¯s〉) . (11)
with
d ≡↓1↓2↓3, d¯ ≡↑4↑5↑6 o ≡↓1↑2↓3, o¯ ≡↑4↓5↑6
s ≡↓1↓2↑3, s¯ ≡↑4↑5↓6 p ≡↑1↓2↓3, p¯ ≡↓4↑5↑6 .
We see that again a sort of superposition of Bell states is
recovered.
In order to confirm that the states for larger systems
are indeed spatially entangled we compute the entangle-
ment negativity EN (ρˆt) = (‖ρΓR‖1 − 1)/2 [25, 26]. It is
defined via the partial transpose of the density operator
ρˆΓR taken over right-side subsystem partition R, whose
matrix elements in the wl representation are
〈{s}|ρˆΓRt |{v}〉 =
∑
{w},{w′}
Dt{w}D
t ∗
{w′}
L/2∏
l=1
δsl,wlδw′l,vl
×
L∏
l=L/2+1
δsl,w′lδwl,vl . (12)
It is known that EN (ρˆt) is an entanglement witness, i.e.
it only detects entanglement rather than quantifying it.
The matrix is numerically diagonalized using LAPACK
subroutines to obtain the eigenvalues. We evaluate the
trace norm as ‖ρˆΓR‖1 =
∑
i |λi|. In Fig. 5, we show the
onset of entanglement between the subsystem partitions
Left and Right of the lattice, see also [26] where a sim-
ilar partition was chosen. The figure confirms that, for
larger systems, the evolving state gets entangled in time.
Moreover, it also shows a saturation exactly at the in-
terband equilibrium, i.e., when the system steady state
regime is reached. For the case N/L = 2/2, this is seen
in comparison with Fig. 4(a).
The previous analysis of the asymptotic dynamics re-
veals that the system is driven into a quasi loss-free sub-
space set by the following conditions: (i) nal +n
b
l = 1 (or
equivalently wl = {−1, 1}), and (ii)
∑
l wl = 0. These
conditions are satisfied only for a small subset of states
from the low-energy manifold EL/20 which are not directly
coupled via the Hamiltonian terms in Eq. (5) (see Fig. 2).
The structure of the asymptotic state implies the exis-
tence of a subspace of states S formed by pairs of Fock
states, the linear combination of which is invariant under
the exchange of the on-site populations between the two
bands, for example, ∼ | ↑↓↑↓ · · · 〉± | ↓↑↓↑ · · · 〉. Whether
the state is symmetric or anti-symmetric the condition
(ii) is always satisfied (see inset in Fig. 4-(b)).
In addition, the asymptotic state never has more than
one atom per lattice site. Therefore, it is "free" of inter-
action effects, and we might operate on it via the dipole
c0 term without destroying its symmetry (i, ii), with an
appropriate choice of the drive F (t).
The symmetry above exposed is broken if N is an odd
number since the internal subspace S can be split into two
subspaces with
∑
wl = ±1. Yet if the evolving state can
be written as a linear combination of pairs of states with
the mirror symmetry we have 〈ψt≫Tω |
∑
l wˆl|ψt≫Tω 〉 ≈
0,±2, i.e., there is no privileged value for the inter-WS
ladder exchange and the system will not equilibrate. This
is the reason why we observe no stable state in the quasi-
spectrum analysis in Fig. 3-(b). N odd also affects the
definition of the spatial bipartition that generates entan-
glement and the Bell-like structures since there is no ge-
ometrical center which allows for the introduction of the
labels x. Therefore the spatial entanglement, if possi-
ble, is far more complicated to study. For instance, if we
set periodic boundary conditions there is no geometri-
cal center and we cannot straightforwardly define spatial
bipartitions as in Eq. (9).
IV. CONCLUSIONS
We have investigated a two-band many-body Wannier-
Stark model with an interplay between periodic driving
and an effective dissipative coupling to higher bands.
This is a first study combining previous work on closed
two-band Bose-Hubbard models [15, 16] with open single-
band many-body problems [27].
The driven many-body system shows remarkable fea-
tures such as the dynamical generation of entanglement
and the evolution into dynamically decoupled asymptot-
ically stable states. These states obey a band-population
exchange symmetry that is responsible for the creation
7of maximally entangled Bell-like states that appear after
a convenient reorganization of their Fock representation.
The spatial ’left-right’ entanglement is detected by means
of the negativity as an entanglement witness. Our find-
ings turn out to be sensitive only with respect to the
precise geometry of the system, i.e., they occur for a lat-
tice with an even number of sites and hard-wall boundary
conditions.
Our results are, as shown, robust to imperfections in
the preparation of the initial state, which gives good per-
spectives for future applications in experiments with ul-
tracold atoms [28–30] and particularly in quantum infor-
mation processing [31].
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